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Abstract

X _nwrical simulation of propagation through atmospheric turbulence of an initially

-l,h,'rica] wave is used to calculale irradiance variance cry. variance of logirradiance

c'_'i,:, and mean of logirradianc_, < In I > for 13 values of lo/RF (i.e.. of turbulence

in_,'r scale 10 normalized by Fresnel scale RF) and ten values of Rytov variance

.v_,,,, . which is the irradiance variance, including the inner-scale effect, predicted

by perturbation methods: lo/RF was varied from 0 to 2.5 and a2 from 0.06 to
Rytot,

5.{I. The irradiance probability distribution function (PDF) and, hence, a], 2 and• gin l"

< In l > are shown to depend on only two dimensionless parameters, such as lo/RF

and ¢r_,,,. Thus. effects of the onset of strong scintillation on the three statistics are

characterized completely. Excellent agreement is obtained with previous simulations

that calculated a_. We find that cr]. cr_ l. and < In I > are larger than their weak-

scintillation asymptotes (namely. _ cr_ a 2crnytov" Rvto,, and - Ruto,/2, respectively) for the

onset of strong scintillation for all Io/RF. An exception is that for largest lo/Rv, the

onset of strong scintillation causes ai2 1 to decrease relative to its weak-scintillation

limit, cr2R_to_,.We determine the ef[icacv ofeach of the three statistics for measurement



of/o, takinginto accounttherelativedifficultiesof measuringeachstatistic. Wefind

that measuringa] is most advantageous, although it is not tile most sensitive to l0

of the three statistics. All three statistics and, hence, the PDF become insensitive

to l0 for, roughly, 1 < 002 < 3 (where B0_ is a 2 for lo 0): this is a condition for
Flytov

which retrievalof 10isproblematic.
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1. Introduction

\\'_' d_.scribe the variance of irradiance er], variance of logirradiance cr_, and mean of logirra-

,tiitnc,. < In I > for propagation through homogeneous atmospheric turbulence of an initially

,I,l,,'rZ,al way,.. The propagation-path-averaged strength of scintillation is varied from weak

I,, ._t,,_,_, -cimillation. and the turbulence inner scale is varied from zero to large values.

l ti,. 1,.,_11, for our three statistics are of fundamental interest, as well as of interest for

r,.l_,,l,.-,'lJsille, of tnrbulence parameters using scintillation. In particular, we are motivated

i,x 1t_,. _,','d to extend the range of applicability of measuring turbulence inner scale using

-_ i_Jt illa_ i_J .Such measurements require simultaneous measurement of scintillation caused

t_\lw_, di_,inct bands of spatial wave numbers in the refractive-index spectrum 1. As recently

r,'vimv_',l 1. th_'se methods include measuring variance of irradiance or logirradiance from two

,tit[','rellT i_atll lengths. 2-4 differenl beam types. 'a different temporal-frequency passbands. 6

I h_' sl)ect rum of angle of arrival for differing angles, r.a phase-difference structure function or

covarianc_, function at differing spacings. :'--l:_ beam wander. 14-1r variance of beam centroid

s('parations for differing separations. Is covariance of irradiance or logirradiance at different

spacingsJ _'1"q-21 the spatial spectrum of logirradiance. 22,2a spatial filtering of the irradiance

pattern. 2t differing aperture sizes. 2s.2_ and differing radiation wavelengths. 2_-al The band

at higher spatial wave numbers should be within the dissipation range of the spectrum of

refractive-index fluctuations. The band at lower spatial wave numbers should be in or near

the inertial-convective range. The ratio of statistics caused by these two wave-number bands



providesan estimate for the inner scale:then this inner scaleand either statistic give the

refractive index structure parameterC_.

One application of scintillation measurement of inner scale and C_ using a horizontal

propagation path below, say. 10 m height is the determination of the fluxes of heat and

momentum between the surface and the atmosphere. These fluxes, along with the humidity

flux. are the basic interaction between the surface and the atmosphere. Hill ] reviewed

the methods and the practice of scintillation measurements of surface fluxes. Extending

the range of measurements of inner scale and C_ also extends the range of surface-flux

determination.

ttere, we consider in detail a scintillometer for measuring inner scale and C 2 as described
7a

I,x ()chs and Hill. 2_ The band of higher spatial wave numbers is obtained by using a diverged

las_,r t,_.im_ tcJ emulate a spherical wave and a small aperture to emulate a point receiver.

"I1,' t,ar_d ,f lower spatial wave numbers is obtained by transmitting phase-incoherent ra-

,tialit,i_ thal uniformly illuminates a large, circular transmitter aperture and by receiving

tt_,, scitllillating radiation through a circular aperture of the same diameter. One version of

till- iIlIler-scate scintillometer uses logarithmic amplifiers to produce logirradiance variance

It, t,oth the laser and large-aperture channels. :\nother version uses linear amplifiers to

pro_tllc_, irradiance variance from both channels. For either type of large-aperture variance.

tho theory by t:rehlich and Ochs a2 gave the variance as a function of inner scale and C,2_(in

terms of dimensionless parameters). ('sing this theory, the variance from the large aperture

is used as part of the information needed for remote sensing of inner scale. The theory of

l"rehlich alld ()chs :_2 includes both the effect of inner scale as well as the effect of strong scin-

tillation oll thelarge-aperture variance. Their theory is thus more general than the theory

l_v Hill and Ochs 2s (which was previously used for retrieval of 10 and C2) and reduces to the

theory in Heft 2.5 in the limit of weak scintillation.

However. until recently, there has been no calculation of the variances of irradiance or lo-

girradiance for a spherical wave that includes the transition from weak to strong scintillation.

This calculation is needed to extend the range of operation of the inner-scale scintillometer



and to more preciselyobtain inner scale. Indeed. the variance of the laser radiation is sig-

nificantly more sensitive to effects of strong scintillation than is the large-aperture variance:

this is well known from the theory of aperture averaging, a_-a4

We use numerical simulation to calculate our three statistics. Simulations of wave prop-

agation through three-dimensional random media with narrow angular scattering (parabolic

equation approximation) have been used in various investigations. 3s-41 A simulation consists

of approximating a three-dimensional random medium as a collection of equally spaced, two-

dimensional, random phase screens that are transverse to the direction of wave propagation.

The wave is propagated through the collection of phase screens using Fresnel diffraction the-

,)rv ill l"ourier transform representation. This is efficiently performed with a two-dimensional

fa,_ t'ourier t ransh)rm. These simulations are demanding of computational resources, and

,ar,'lllI cl,m'_, of numerical parameters is essential for valid results. Quantitative results for

Ti,. ,,l,i_n_al choice of" the mesh size and screen separation for simulation of wave propa-

ealk,_J Through a lhree-dimensional random medium have been determined for plane- and

-],ll,'rl,/,I-wave geometry. \Ve use th(. spherical-wave algorithm described by Coles el a/. 42

l t,,. assulnptions used to obtain field-moment equations are narrow-angle scattering

, I,'m'_'. u_' of the parabolic wave equation), the Markov approximation, and the approxi-

ll,ali(m of (;aus.sian refractive index. The refractive-index spectrum must be specified along

_t,. i)r(_l)ao_alion path. The same assumptions are used in simulation of propagation. Both

siiilulali(,iL all(l tield-moment methods have the same range of validity. As one of us had

holed previousls". "_s the quantitative agreement of simulations with scintillation experiments

validates both simulation as well as fourth-order field-moment methods.

The validity of the Markov approximation was first investigated by assuming a Gaus-

siall randonl process for the refractive index fluctuations with a correlation distance that

is much smaller than the length of the propagation path (the Markov property). 44As These

assumptions are not as restrictive as they appear. \"alidity of moment equations has been

established on the basis of weaker approximations. 46,4_ Zavorotny48 obtained conditions for

the validity of field-moment equations of all orders by considering the irradiance moments



of all ordersfor both very weakand very strong scintillation. Hedeterminedthat tile wave-

length must bemuchsmaller than both the Fresnelscaleand the wavecoherencelength and

that the propagationpath length must bevery muchgreaterthan both the Fresnelscaleand

sizeof the scattering disk. Theseconditions areeasilysatisfiedfor atmosphericpropagation.

2. Propagation Parameterization

We definethe following parameters: A is the wavelengthof the radiation: L is the length

of the propagation path: z is the position along the path from z = 0 at. the transmitter

to - = I. at the receiver: RF = V/-_/, " is the Fresnel distance; C_ is the refractive-index

,lr_lclur<. [,arameler: and l0 is the inner scale of turbulence. We use Obukhov's 4_ definition

_,t illl,.t scab.: this definition is also given in Tatarskii's s° Sec. 13. as well as given by Hill

_,t,+l ('lit[,,r,t. ;_ Briefly. the inner scale is the spacing at which the asymptotic fornmla fox"

_i,. _x_<.ttial-convective range of the refractive-index structure function equals its asymptotic

,l_->Ji,_,t _,t,-rat_. formula.

\V,. ,t<.l_,t<. irradiance normalized by its mean value by I and use angle brackets lo denote

_t_ _'_t>,'tz_t_l<.average. Thus. < I >= 1. The three statistics we study are

irradiance variance. _ =< (I- 1) 2 > . (lo

mean of Iogirradiance < In I > , (Ib)

variance oflogirradiance . _r21 =<(lnI_ <lnl>)2> (lc)

Note, that (la and lb) require a measurement of mean irradiance in order to determine the

Ilormalized irradiance I. However. (lc) does not require measurement of mean irradiance

1,_wausc. if 5 is any scaling factor, then ln(S1)- < ln(SI) >= lnl- < In I >.

\Ve call the irradiance variance in the weak-scintillation limit the Rytov variance and

denote it by+ cr2_uto,.. In this limit of very weak scintillation, we have s°

or2 * 2 -9 < In I >R Vtov = 0"_ = O'lnl ----- - (2)



For isotropic turbulence, the refractive-index spectrum _,_(K) can be written as the

product of the inertial-range formula and a dimensionless function f(Mo), where h- is the

spatial wave number, i.e.,

(b,_(_¢) = O.033C_-n/af(Mo) . (3)

The dimensionless function f(Mo) describes the spectral bump and dissipation range at

high wave numbers, and f(0) = 1. f(alo) depends only on the dimensionless variable M0.

A theoretical model for (I)n(h), and therefore for f(al0), is given by Hill, 52 who showed that

the model fits data from precision thermometrv in atmospheric turbulence to within the

accuracy of the data. The function f(Mo) from this model is shown in figures in Refs. 35.

-tl..51.2S. 30.31 and need not be shown here.

(;,'-I,h.vsical flows have variability (sometimes called global intermittency 53) on spatial

-, ,h.- th,_ erca_lv exceed the propagation path length, as well as on scales commensurate

wilt, l i,. i,a_l, length. The corresponding temporal scales greatly exceed those caused bv

fit,. wt_,t advecting those refi'active-index fluctuations that are in the range of spatial scales

1,1,,tmi1_e scimillation. From a propagation point of view. such variability means that C_

art_t 1,,. ot _'quivalentlv. the dissipation rates of energy and of refractive-index variance, must

I,,. Tt_.at¢.d a: locally stationary with intermittent values.

l iill; _ a_ld l-rehlich 21 presented equivalent models of the effects of global intermittencv of

(': ,_l,,I /¢, ¢_t_ the refractive-index spectrum. They showed that global intermittency causes

vltrial_ilil\ il, the, shape of .[(hlo). Such variability has been observed 21. The effects of

,2hAml ilJtermittencv have been observed in short-path measurements of irradiance PDF s5

and irradiance covariance 2°. Intermittencv effects on propagation are further discussed in

leers..56 59. \_,.'e assume that the intermittencv in C_ and l0 is stationary in time and

hoIllogeneous along the propagation path and that the average spectrum is given by (3)

with f(_lo) as given in Ref. 52. If the variability of C_ and l0 due to global intermittency

produces significant deviations from the assumed universal function f(Mo), then estimates

of inner scale will have a bias.
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Atmosphericscintillation experimentshave shownthat Eq. (3) with f(¢¢lo) as given in

Ref. 52 must be used to quantitatively predict weak scintillation. 21,2s.26.2s.31.c>°These exper-

imental results are reviewed in Ref. 1. Recently. experiment 43 and numerical simulation 35

have shown that this model for ¢,(t;) is necessary to quantitatively predict strong scintilla-

tion from atmospheric propagation. Flatt6 et al. 3s noted that the agreement of the irradiance

variance obtained from numerical simulations with that obtained by experiment, as well as

with other theoretical calculations, gives confidence in the use of numerical simulation for

quantitative prediction of atmospheric scintillation.

Formulas for a2stv,o_,in terms of _,(_) for a spherical wave propagating through isotropic

lur}_ulcl_ce that is homogeneous along the propagation path are given, for instance, by

_'_tuati_,n- t']',_) and (T26) of Lawrence and Strohbehn. 6a Let z : tCRF be the dimensionless

w,,v,, i,_llt,,.r, and let u = z/L be the dimensionless propagation path position. Substituting

,:l, _r_¢,,. 2(;t of Lawrence and Strohbehn 61 and changing integration variables gives

\V i l! >I t '

ilIl(]

0"2 _-- ;3_2([O/RF I""- .-" , (4)Hytm,

• .-It; llt6(-,230 =0.496k' L _,l ,5)

/0'<:r"(lolRr) = 10.,5 du dz.r-SQr(s'lolflF)sin:[z2u(1 -- u)/2] (6)

Flit. qlialitit 5 ._ ill (.5) is the weak-scintillation variance for an inertial range extending over

all wave ilumbers (i.e.. for !0 = 0). Thus. ?r'_(0) = 1. The dimensionless function &_(lo/RF),

a- ¢1¢'fii_¢t in Eq. (6), is manifestly a functiori of olih its one dimensionless argument. Thus,

?r"l/_/tTr) gives the effect of the spectral bump and dissipation range of O_(_c): in other

word.s, it gives the inner-scale effect. Based oii the form of f(_lo) discussed previously, Fig.

;I ill ttef. 30 shows &2(lO/RF) as a function of its sole dimensionless argument; Fig. 4 in tier.

.51 and Fig. 2 in I-leE 31 show &2 as a function of V/-_llo = x/_(lo/fI.F) -1.

The dimensionless quantities crR_to<,and lo/tTF are used to present our results for the three

statistics of interest. We also present results in terms of the dimensionless quantities LT02and



lo/RF. We next show that only two dimensionless parameters are needed to determine the

irradiance and logirradiance statistics for our case.

We consider the case of a spherical wave propagating in homogeneous atmospheric turbu-

lence having an outer scale much larger than the spatial sizes of refractive-index fluctuations

that cause irradiance scintillations. In this case, the turbulence imparts to the propagation

statistics of interest a dependence on the parameters C_2 and 10. The statistics also depend

on _ and L. However, the statistics depend on only two dimensionless parameters.

For plane waves in a homogeneous random medium having a Kolmogorov power-law

refracl ix'e-index spectrum (i.e., 10 = 0), Gracheva et al. 62 obtained that the probability dis-

tril,ul ion function (PDF) of the irradiance depends on only one parameter. This parameter

,,tt_ ],,. tak_,ll to be .¢0_. Gracheva et al. 62 obtained this result by expressing the field-moment

,',llmlh,ll- icf.. l{ef. 50)of all orders in terms of dimensionless independent variables. This

rll,'l I_,,,t r,,_ea[.- the dependence of the field moments on the minimum number of dimension-

i,.,-i,ai_,_l,qcrs and dimensionless independent variables. Single-point moments of all orders

td 1],,. irra_lia_l('_, are special cases of lhe [ield nlonwnts and are thereby shown to depend on

;, lllilli111_llll numt)erof dimensionless parameters, l:or lhe specific case of the fourth-order

IIIollwI_l of llw field. Tatarskii 44, (;urvich and Tatarskii 63, and Gurvich et al. 64 show that a

I,onz,,ro intwr scale results in one additional dimensionless parameter to be relevant. This

[)itralll_'l_'r illav be taken to be lo/Rl..

\V¢' exlend the method of (;racheva _t al. '_e to spherical waves by use of a spherical

coordinate svslem and, for that matter, to cylindrical waves using a cylindrical coordinate

svslem. Moreover, as noted in Gracheva el al., c'2 lhe case of beamed waves requires as many

nlore dimensionless parameters as there are parameters describing the initial beam, such as

initial beam width and focal length. In addition, we generalize the method of Ref. 62 to

refractive-index spectra that have more parameters, such as inner and outer scales or a scale

demarking a transition between lwo power-law regimes (this latter case is studied in Refs.

6.1-66). The result is that the field moments and, hence, the single-point irradiance moments

and, hence, irradiance PDF depend on one additional dimensionless parameter for each such
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parameterof the refractive-index spectrum. For our case, we take the outer scale to be so

large that irradiance statistics have negligible dependence on outer scale. Therefore, we

obtain that the irradiance PDF depends on only two dimensionless parameters: one can be

taken to be on_tov2 , and the other can be lo/RF. Thus, any irradiance statistic obtainable from

the irradiance PDF can be taken to depend only on these two dimensionless parameters:

in our study, this applies to a_, cr_,1, and < ln I >. As stated in the introduction, the

demonstrated dependence on only a minimum number of dimensionless parameters depends

on tile validity of the field-moment equations.

In addition, for the case of inhomogeneous turbulence, we can also obviously allow tile

paralneters of turbulence [e.g., C_, 10, and even the functional form of f(hlo)] to vary slowly

ahmg th(, propagation path. To do so. the scattering function within the eqnation for a field

l_l_mlez,t of arbitrary order is taken to be a functional of the distribution of the parameters

il, q,J_,stion [_,.g.. (,,2. lo. f(_c/o)] rendered dimensionless by scaling with their propagation-

pat h-av_'raged values and expressed in terms of the dimensionless prol)agation position z/L.

'It_,ll arl,it rarv fiehl molnents, and hence Ill(, irradiance PDF. are functionals of the dimen-

siollh,ss palh distributioll of the turbulence parameters. Tatarskii 44 derived an equation of

the, t"okker-Planck type for the characteristic functional of tile field. From this equation, one

can generate the field-momenl equations of all orders. It is clear that the demonstration

of dep¢'tldence of field statistics on a minimum lltlmber of dimensionless parameters and

dimensionless path distributions of turl)uh,nce parameters can be obtained by introducing

scah,d variables and a dimensionh'ss scattering function into Tatarskii's equation for the

characlcrislic functional of the field.

3. Basic Results

Pr('vious simulations of spherical-wave prol)agation in three-dimensional random media used

a Cartesian coordinate system with a small (',aussian source distribution 36,39 or a small cir-

cular disk. 41 Those simulations produce an average irradiance that varies with location on
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the observation plane, as well as numerical artifacts near the edgeof the simulation. An

alternative method is to compute the random field using a sphericalcoordinate system.42

This method producesa constant averageirradiance in the observationplane with no nu-

merical artifacts.42Coles et al. 42 obtained error scaling using simulations with varying grid

sizes and screen. The spherical coordinate system is numerically much more efficient than

the Cartesian coordinate system.

The results presented here use 512x512 grid points per phase screen with 20 screens along

Ill(, propagation path per realization; 50 realizations were averaged to produce our statistics

for each Io/RF and cr2 The Fresnel distance was 10 grid points. The numerical errorsRytot,"

for the, m_rmalized irradiance variance were less than 2% for all cases and are not plotted on

,,ut ti,,ur_.- because they would be hardly noticeable.

I"ie,lr, Ii, ,brays cry as a function of Rvtov variance _r2- R_to,,: a straight line indicates _ =

_'L., , I1,,' _,lls_'l of strong scintillalion causes cry to exceed crRyto_,2,and the greater lo/R1:

_-. It,,' J_lote cry exceeds a_v_o,..2 Of course, it is well known thai a 2 attains a maximum

a, cr_)_, ilwreases further and thai cr_ al)proaches unity as o,2 tends to infinity. 62'6r-71
r /'_,t or'

.\- _]u,wl_ in ]"ig. lb. the maximum occurs beyond the range of our abscissa in Fig. la.

lur'--' shmved a case. very different fro]n ours. for which a_ exceeds a _ at the onset of
Rytov

-Iroll,a sciiLlillalion. Tur solved lhe fourth-momenl equalion for a Gaussian refractive-index

xl_'cl IllIl_ ill lwo-dimensional space.

The legend for lo/Hf" in Fig. la is in the' order of the curves from top to bottom. We

see from lhe curves and legend thal as Io/Rv increases from zero, the value of ay at first

_h'creases (for fixed 2_rRv,o_.) until Io/Ht. _. 0.1 "__.ail(l then e_ increases (for fixed cr2Rvto,.,)as

Ic,/I_.. increases furt her. This lat ier effect is at t ributable to the bump in the refractive-index

sl_cct ruin and the same effect in the behavior of Ilw heuristic theory of logamplitude variance

(cf.. Fig. 8 in tier. 73) is caused by ttw burnt) in the refractive-index spectrum. In fact, the

niotivation for graphing c_ versus a2 is the orderly progression of the curves that. wasRVtov

anticipated on the basis of the hm_ristic theory.
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Figure la showsthat o.] approacheso.2nytovas o.nyto_,2becomessmall, as it should. For a

fixedvalue of o.nvto_.2lessthan about unity, Fig. la showsthat o._deviatesmore from o"2n_to_

for larger lo/RF. This is not necessarily the case for fixed t3g, as opposed to fixed o.2 (cf..
" Rytov

Ref. 41 ).

Figure 1b shows o._ from our simulations compared with o.] from the simulations by FlattP

el a/. 35 Theh' simulations extend to greater values of 2 (and B02) than do ours. Theiro. Rytot,

simulations have greater statistical uncertainty than do ours: this can be seen from the error

bars shown by Flatt6 et al. as Considering their statistical uncertainty, the agreement between

th,, two simulations, as shown in Fig. lb, is excellent. Figure lb shows the maximum of er_

al_d t}l_' subsequent decrease of o._ with further increase of 2O'lClytm, .

0.2["i_tlr_'_ ') SHOWS O'_nI versus R_to_.. a straight line indicates o.ln_I = o.2R.uto,..There are fewer

,_lrv,., l_ Fig. 2 as compared with Fig. lb simply to reduce the crowding of the curves

il_ ]J,.,. 2 \\_' see thai if lo/Rv < 1.a. then the onset of strong scintillation causes c_, t to

ii_il tall', ,'xce_'d rr"
tCv,_,,• whereas if lo/Rv > 1.a. then o.j_21 is less than o.2nvto_.. For lo/t  . = 1.3.

: i- l_,,,trlv equal to creor,,. lqyto, over the greatest range of O'Rytov.2 Of course, as er2Rytov--"+ X,

I,._a _'l,,"t ---'_ 1.(i-l. Begilming with lo/R,,:- = 0 on the right edge of Fig. 2. we see that (rl;,l

i_i_i_,llv ,h.crcases slightly as lo/Rv increases (until lo/Ry = 0.12); thereafter, o._n* increases

2
v,itt_ further increases of lo/Ry. The initial decrease of o.l, 1 at the right edge of Fig. "2 is

caused I,v the bump in the refractive-index spectrum. Note that the curve for lo/l_F = 2.5

]_a_ nol vel crossed the curve for lo/Rv = 1.3 at our largest, o.2 Of course, 2 approachesRytov" grin I

' _ 2 becomes small. The behavior of o._nl in Fig. 9 differs from thatrrT¢,,, ..... ill Fig. '_ as o.Ry,o,.

I_l_'diclcd t_x _he heuristic theory originated by Clifford et al. TM and later refined, ra,rs The

heurislic theory curves shown in Fig. 8 of Ref. 7a all lie below the straight line (i.e.. the

heuristic theory gives o._2] < o.2n_o,, for all Io/RF). and those curves progressiveh', approach

1he straight line as lo/Rv increases. In the Appendix, we quantitatively compare the results

of our simulations with the heuristic theory.

2 The solid curve in Fig. 3 shows the weak-Figure 3 shows < ln l > versus o.nv,o,,-
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scintillation limit < In I > = -o-_n_,o,,/9 and the curves all approach this limit as on_to _

decreases. The onset of strong scintillation causes < lnI > to be larger than the weak-

scintillation limit. From top to bottom, the curves in Fig. 3 are in the same order as the

values of lo/RF in the legend. For smaller lo/RF in Fig. 3, one sees that < In I > increases

more with increasing o'nyto_.2with the exception of the reverse trend for curves lo/RF = 0.0

and 0.12. This reverse trend is caused by the bump in the refractive-index spectrum, just

2 AS 0 .2as for out other statistics ay and au, 1. Rytov -+ oc, < In I > --+ --) "-- -0.577, where -_ is

Euler's constant, rG This is derived from the fact that the PDF of irradiance is exponential

in this limit.

\Ve have compared our simulations with available measurements of Crh_2;and cry. In all

ca,¢,,, t tw comparisons reveal limitations in the method of measuring C_2 and. in most cases,

lh, _ li111ilatiotl caused by the absence of measurement of inner scale. Ochs rr obtained data

: and oblained 2
1')! erlr' ! C' n from fine-wire thermometry: he also measured wind speed. Hill and

<'lil[,,r,l-' u.,ed the wind speed to determine inner scale and thereby compared the heuristic

t I_,,,+rv wit h the data by Ochs. ?_ We have performed a similar comparison with the result that

,.it +v+tl_t<,, of cr_,l are somewhat in better agreement with the data by Ochs than is the heuris-

l i, th,'oiv, ilowever. Ochs = obtained inconsistent values of C,2, from fine-wire thermometers

_1,<,cl ,iI_lultalwouslv at different spacings. The resuhing uncertainty in the value of C,2_. as

w,.ll a, t lw ._catter in his plotted values, prevents a useful quantitative comparison with our

silt+ulalion_. Parry and Pusev ?s and Parry r'_ measured cry on a variety of propagation path

h,11gt h._. They simultaneously obtained C_ from short-path laser-irradiance variance assum-

ing t liar It, = 0. Their assumption that 10 = 0 is likely to produce an underestimate of C_ (cf.,

ll<,f. 51 ). but it could also produce an overestimate of -n-(+2sl Our comparison with their data

sllows at_ underestimate of C_ of the expected magnitude. Phillips and Andrews s° used the

same method of determining C_ as did Itefs. 78 and 79, and their data are less explicable,

perhaps because of the mirage effect discussed in Ref. 81. Coles and Frehlich s obtained five

values of cry that are within the range of our simulations. They obtained C_ from focal-spot

spread using a telescope and photographic film. Their four cases of weakest scintillation, for

12



which cr] < 1.0, wereobtained late at night during periodsof very little wind. Suchperiods

arecharacterizedby intermittent bursts of turbulence separatedby laminar flow containing

strong temperature gradients that cause extreme beam wander. Indeed, such beam wander

was observed, and it had the effect of causing overestimation of C_. This explains why their

four cases of weakest scintillation (shown in Fig. 12 of Ref. 8) correspond to C_ values that

are substantially too large for agreement with either weak-scintillation theory or our simula-

tions. This illustrates the problem of attempting to measure atmospheric weak scintillation

using long and low propagation paths' shorter and/or higher paths are needed. The datum

of ('oles and grehlich s for which cr_ = 3.3 was obtained in more homogeneous turbulence.

"It_i- datu:l_ is in very good agreement with our simulations provided that the inner scale

wa- h',- than 1 cm. which was very likely the case.

(',,t_-,,tlilli et al. *_ used an optical-scintillation crosswind instrument to obtain C,_ and

,T,,,-u_,_,t lhi- instrument is not optimized to determine C_ and can overestimate C2.

,ll},,ll,,i_ t}li, inslltlment has negligible inner-scale effect. As discussed by Consortini el

I I

,,'. . li,. ,ti,,itization rat(. used for their ('',_ signal causes scatter in their measured ('_. Our

,,,l_l,,i_-,,l_ with lheir data shows both such overestimation and scatter in their measured

('-'. t"l,tl_: _! al. 3-' compared simulation with the data in Ref. 43 for cases of large _30.

ltwir c_,nlparison is insensitive to errors in (.2 because cr_ varies slowly with '30, and thereby

wiIll (',_. for cases of large _%. Also. the experiment in Ref. 43 used relatively long and

h,w t,r,_l_a,_a_ion paths in order to measure cr_ for large t40. They show that their observed

cases of smaller .4o. with which we must compare, correspond to temporally nonstationary

_lata. \Ve conclude that the precision and detail with which numerical simulation predicts

irradiance statistics place very stringent demands on experimental measurements of C 2 that

hav_, not re1 been attained (with the exception of one datum in Ref. 8) but that. are within

t_'chnological limitations.
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4. Implications for Inner-Scale Scintillometry

Next we consider the efficacy of each of our three statistics for purposes of retrieval of a value

of inner scale for various values of lo/RF and strength of scintillation. To do so. we must

separate the dependence on strength of scintillation from the dependence on lo/RF. We

choose 3o as our strength-of-scintillation parameter because 3_o cx C 2, 3o is independent of

lo/ictF, and 3o is a dimensionless parameter that provides applicability of the results to any

experiment independent of the other dimensional parameters (e.g., k. L. and C2). Graphing

scintillation statistics versus 3o rather than 3o2 produces a clearer display for small 30.

The, method of obtaining inner scale from scintillometers of the type devised by Ochs

al,,I ilill'" is to divide the laser-propagation statistic (e.g., cry,,1 or cr]. etc.) by the variance

tr,,_z_ ,_ larry'-aperture, scintillation measurement. The purpose of this division is to remove

I}_,. 1,1,,l,,,rlit,,lalitv to C'2, of the laser-propagation statistic such that the resulting ratio

,t,:t,,'r_,t- ,rely on lo/HF (in the weak-scintillation limit). The large-aperture diameler D is

,ta,.,.IJ _,, I,,, much larger than l0 such that the large-aperture variance has only a slight

,h't,*'lt,t,'IJc_" on lu/D (cf.. Ref. 25). lgnoring this slight /0-dependence, the large-aperture

vax-,_,itc,, i, proportional to 32: th(' l)roportionality constanl is dimensionless and does nol

,_[I(,ct t lz(. IIniversal applicabilily of our results. For our purposes, it suffices to present our

_latisli(_ (tivi(h_d by 3_: this removes, in a universal and dimensionless manner, a factor of

('", troll_ tmr stalistics. Of course, th(. resulting ratios, i.e.. o.i/30,2 , 20.1nl/_22 and < In 1 >/'d_."

tiara, increasing dependence on 3_ (i.e.. on C,_) as scintillation strength increases beyond the

w_'ak ._cintillation case. These ratios are close approximations to the ratios of laser-radiation

slat ist its to large-aperture variance obtainable from the inner-scale scintillometer.

In Figs. 4a.b.c. the respective ratios ') e cye /_2 and -')rrl/,_o. ,nl/'_O. - < lnI > /3g are shown

v_'rsus .¢t_ for the values of lo/Rc given in the legends. Because our data are calculated

aT the same values of cr_Ruto_,for all values of lo/RF, the curves in Figs. 4a,b,c, begin and

end at various '3o. The effect of increasing strength of scintillation on the three ratios is

seen as 30 increases along the abscissas of Figs. 4a,b,c. The ratios decrease rapidly for
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the larger valuesof 130,and in Figs. 4a and 4b there is typically a slow increaseof the

ratios prior to this rapid decreaseas/30increases.From top to bottom, the legendsgive the

valuesof lo/RF corresponding to the curves' top-to-bottom position along the left side of

Figs. 4a,b,c. The short-dashed curves for lo/Rv = 0.0 approach unity as '30 becomes small.

Beginning with these curves for lo/Rr = 0.0 and proceeding to larger lo/RF, we see that

the curves at first rise on the left sides of Figs. 4a, b,c, with curves for lo/RF = 0.4 attaining

the greatest values, and curves for vet larger lo/Rv thereafter decreasing with increasing

rapidity as lo/RF decreases. For weak scintillation, this same type of progression is shown

as a function of lo/RF in Refs. 1, 26, 82, 51. 28, 30, 31, 60. From Figs. 4a.b.c. we see that

for" the smallesl '3o (i.e.. weak scintillation limit), the curves change most rapidly for larger

lo/'l_ _. which implies greater sensitivity for retrieval of/o, and we see that for lo/B'F less

than about 0.S0. we can obtain two values of l0 for a given value of any of the three ratios.

This _- w,.ll known 2';'3° because this behavior of the curves in Fig. 4b gives the usual method

[o_- r_'! ti,'va] of 1o using scintillometers similar to that devised by Ochs and Hill. 2_

]"_ ._, > 1. Figs. 4a.b.c show many curves overlapping. This means that a measurement

c_f any c_flh¢, three ratios is insensitivelo lo/Hl- and that multiple values of I0 can be retrieved.

IIl the' r_'triex'al of (,2,, and 10. the measured variance from the large-aperture scintillometer

give._ an apt)roximate value of .:¢o and the measured ratio then gives one or more possible

values of lo/t'l._.: an iteration gives the final values of C,2, and 10. Since so many curves are

overlapping aT .4tJ > 1. one obtains inaccurate values of 10 and possibly more than two values.

ttill et (zl._2 showed this effect in their tables of errors of retrieved values of C 2 and l0 for

given measurement errors.

For 30 > 3. Fig. 6 of Flatt6 el al. a:' shows that cr_/,d 2 will once again have an orderly

behavior as lo/HF varies. Thus. as discussed by Hill, 1 one can, in principle, obtain l0 from

measurements of a_ for '30 > 3.

2 and < in I >. obtainThe range 1 _< 3o < 3 is problematic. The three statistics, err, crib1,

their values from different portions of the PDF of irradiance. That all three ratios in Figs.

4a.b.c are insensitive to changes in lo/Rr" for 1 < /3o < 3 shows that the PDF of irradiance
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is insensitive to changesin lo/RF. Thus, there is probably no irradiance statistic that will

be useful for retrieval of l0 in the range 1 _</3o _< 3.

2Comparing Figs. 4a,b,c for/3o < 1 we see that as /3o increases, the curves for crtnl/,302

maintain the greatest and most regular spacing. Were it not for other considerations, this

suggests that measuring o_i is superior to measuring cr_ or < In I > for purposes of retrieving

inner scale. However, we must consider signal-to-noise ratio, dynamic range, etc.

Measuring irradiance using a linear amplifier has the advantage that noise and back-

ground signal can be subtracted before computing _r_, provided that one designs the means

of slopping the laser radiation such that noise plus background are measured. To produce

th,. r,'qllired dynamic range for a linear detector, two channels are needed: one with a gain

,,f at,pr_,xinlalelv 100. which would be suitable for a] < 1, and another with no gain for

,',_ - t lh- rnls addilive noise of the detectors should be less than 10_, of the average

-i,_,ii,_l I',,r larav values of crf. amplifier saturation sa-Ss and insufficient number of indepen-

,h.l,I ,_,lzll_h.s s'' s_, musl be considered. Ochs and Fritz 9° gave a measurement method for

,,_,'r,,,t,_ll_a tlu, latter" probh'm witho_zt causing great increases of averaging times, although

It,i, llJ,.ll,od i._ cumbersome.

i"vwer independenl samples are needed io ,neasure oie,,l and < In I >, and logarithmic

all,l,liti_'rs l,aving sufficient dvnanlic rl, nge are available, ltowever, subtraction of noise and

t,ackgrouml is m_! possible, and aie,,/ and < In 1 > are more sensitive to noise than is o_.

lt_' ef[ecl of noise during a deep fade of irradiance can be a negative voltage input to the

Iogan_plilier: lhis produces a very erroneous ou! pul. As turbulence strength increases, tire

ImJImbility of occurrence of deep fades increases rapidly. In fact, this probability increases

far more rapidly than is estimated on the basis of the lognormal PDF of irradiance. This

is because l"latt(, el al. aa have shown for lhe case of plane waves that for /3o2 > 0.,5 the

probabililv of deep irradiance fades is much closer to an exponential PDF than a lognormal

PI)F and that the probability' of deep fades of irradiance substantially exceeds the lognormal

PDF even for 3g as small as 0.01. \Ve presume that similar results hold for initially, spherical

waves. Since < In I > is even more sensitive to deep fades than is o_n , and since Figs. 4b
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and 4c showno significant advantageof < in I > over _r_1 for retrieval of inner scale, one

prefers O'_nI to < in I > for obtaining inner scale.

For the case/3o 2 > 0.5, the PDFs calculated by Flatt6 et al. 36 show a remarkable regularity

for deep fades. In effect, for 302 > 0.,5, the PDF for deep fades is approximately determined

by only two parameters: c_i and < In/ >. If this result also holds for initially spherical

waves, then one could design a data acquisition program to truncate the digitization for

signals beyond the range of the logarithmic amplifier to obtain initial estimates of < In ] >

and cry, :. These estimates and knowledge of the PDF at deep fades could be used to correct

crj_: for the truncation. However, much work remains to establish the PDF with adequate

accuracy. :\t present, it is safest to retrieve inner scale from cr_ using noise-and-background

,iJt,t raclloi_ and variable amplifier gains.

b;(,i_l,, rll_livalions for studying, the statistics a 2. a 2t,_l, and < In I > are that these quan-

t iris.- t_a_,. I,_,en predicted for weak scintillation on the basis of the method of smooth per-

l,_rt,at_m>, al_l tha_ cry can. in principle, be determined for all levels of scintillation from

it,,. f,,_lrlt_-_llomen_ equations, and that the heuristic theory was a possible candidate for

I,y,',ticliIl_ :r_,: for all levels of scintillation. However, numerical simulation can determine

It_,, I'l)I: _,t I and. hence, determine the average of any function of I; cr], c_i , and < In 1 >

ar_' _l_]\ three examples. An instrument designer can choose a measured quantity taking

i_l<, acc_mnl lhe instrument's hardware and software limitations. One example of such a

d(,sigi_(.r quanlily is the PDF truncated at irradiances beyond which the measurement is

faulty.

5. Conclusion

\Ve have performed numerical simulation of a diverged wave propagating through homo-

2 andgeneous atmospheric turbulence to investigate the efficacy of the statistics _, _rinl,

< In l > for' measuring inner scale. We show that the onset of strong scintillation causes

these statistics to exceed the predictions of weak-scintillation theory, with the exception of
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2 for casesof verb'large inner scales.We find that o"7 is the most advantageous statisticO'ln 1

given present limitations, but that further study might make other quantities more useful.

Measuring inner scale using scintillation is problematic for 1 < fb02 < 3.
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FIGURES

2 From top to bottom, the order of the curvesFig. la. er_ is shown versus crnyto v.

corresponds to the values of lo/RF from top to bottom in the legend• The straight solid line

shows 2O'Ryto v .

Fig. lb. Similar to Fig. la, but showing larger values of er2 The circles are values
Fl_tot,"

from Fig. la. The lines connect points calculated by Flatt6 et al. 3s From top to bottom,

the, circles and lines are in the same order as the values of lo/RF in the legend.

l"i,_,. _." cq,,"l versus °2R_to_.. From top to bottom along the far right edge, the order of" tile

cur've- i- the' same as the order of the values of lo/RF in the legend. The straight solid line

l"i,-. :l. Tim nlean of logirradiance is shown versus _r2 From top to bottom, the orderR_tov"

_,l 1t1,' ulll'vc_ is the same as the order of the values of lo/i_ F in the legend. The solid curve

• .

Via..la. Scaled irradiance variance versus d0. See caption of Fig. 4c.

t"i_..I1_. Scale(/ logirradiance variance versus 30. See caption of Fig. 4c.

t"ig. -It. Scaled mean of logirradiance versus d0. Here. as in Figs. 4a and b, the legend

gives the values of lo/tgF from top to bottom that correspond to the curves from top to

bottom on the left side of the figure.
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Fig. 5. Ratio of the variance of log irradiance using the heuristic theory to the variance

of log irradiance from simulations. The legend gives the values of lo/RF from top to bottom

that correspond to the curves from top to bottom at crnvtov2 _- 1.
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Appendix A: Comparison with Heuristic Theory

With regard to Fig. 2, we noted that c_i differs from the prediction of the heuristic theory

originated by Clifford el al. TM and refined by Hill and Clifford. ra,rs We can obtain cr_n_ from

the heuristic theory using interpolation on the tabulated values given in Ref. 73. In Fig. 5.

we show the ratio of 2 from the heuristic theory to _r_icrtn I 2 from our simulation. Figure 5

shows that the heuristic theory has significant error that depends on lo/RF. For logirradiance

variance, the refined heuristic theory ra,r5 has correct asymptotic limits for c_2
_ Rytor _ OC. as

well as for o"2Rv,o,. ---+ 0; only the latter limit is evident in Fig. 5. Frehlich el al. r_; showed

tha_ the heuristic theory predicts incorrect covariance of logirradiance in the limit o_,,to,.

-- X. a]l}louffh,, the variance of logirradiance is correct for a 2R_to,, ---' oc. Our unpublished

c(_t,ari_ons of covariance of logirradiance measured by Ochs and Fritz 9° with those predicled

t,x tl,, h,',lrlslic theory produced poor agreement.

\\,',,,1_rluclc that the heuristic theory should not be used to calculate C, 2, and lo from

.(i1.1ili,,_.,z. nwasurements. In fact. using cq_,l __ _}'Oto,, is more accurate than the heuristic

ltJ,._,t_, wztt_ the exception of the following computed cases: (72 > 5 • o"2_to,. - , ,%to, = 3 and

/,, [_'/ > 0.5: and lo/RF = 2.5.
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Figure l a Hill & Frehlich
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Figure lb Hill & Frehlich
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Figure 2 Hill & Frehlich
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Figure 3 Hill & Frehlich
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Figure 4e Hill & Frehlich
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Figure4J_ Hill & Frehlich
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Figure_r© Hill & Frehlich
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